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Abstract

Elliptic curves are non-singular cubic plane-curves over a field containing at least one point and
naturally form a group, where the associative property is based on Cayley-Bacharach theorem. A
semisymmetric entropic (medial) quasigroup (SEQ) is a non-commutative generalization of this
principle. This is a magma satisfying the pair of identities: (xy)x = y and (wx)(yz) = (wy)(x2).
Every SEQ is associated (not necessarily uniquely) with an Abelian group. In this paper, we give
methods for constructing SEQs based on their corresponding Abelian groups. In particular, we
show that SEQs are central quasigroups.
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1. Introduction

In this paper, we investigate the structures of semisymmetric entropic quasigroups (SEQS),
especially those of the finite kind. The terms entropic and medial are used interchangeably for the
algebraic property (wx)(yz) = (wy)(xz) [1-4]. The commutative case is commonly referred to as
a medial totally symmetric quasigroup (Medial TSQG). A medial TSQG is a generalization of
elliptic curves [1, 3, 5], thus an SEQ can be seen as a not necessarily commutative generalization
of an elliptic curve. The number of medial TSQG increases exponentially as the order increases;
however, most of them are structure-wise equivalent [2]. The number of these isomorphism classes
depends on the prime factorization of the intended order. Their construction is quite
straightforward: let (G, +) be an Abelian group and setx -y = k — x — y, then (G,) is a medial
TSQG [1, 3]. And in fact, every medial TSQG is a consequence of such constructions.

Now, as we would see, every SEQ is isotopic to an Abelian group, however, recovering the SEQ
may not be uniquely possible due to the possibility that the SEQ is not commutative. Thus, the
above construction is no longer sufficient for SEQs as they are not Abelian. However, one may
consider instead x - y = k + ¢(x) + ¥ (y), for two automorphism of G [2, 6, 7]. Then (G,") is
called a central quasigroup or a T-quasigroup. They are entropic if and only if ¢ and y» commute.
Quasigroups correspond to Latin squares, and J. D. H. Smith has shown [8] that central quasigroups
can be described abstractly as those quasigroups in which the diagonal is a normal sub-quasigroup
of the square.

The main result of this paper, presented in Section 4, is as follows:
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Theorem 1.1: Every SEQ (G, is equivalent to an Abelian group (G,+) reequipped with the
product lawx-y =k — ¢(x) —¢p~1(y), where¢ is a group automorphism of (G,+)
satisfying ¢3(x) = x and k is a fixed point of ¢.

The structure of this paper is as follows: In Section 2, we provide some basic definitions as
preliminaries. In section 3, we define SEQs and present alternative formulations. We deduce their
corresponding group isotopes and show that they are isomorphic as Abelian groups. In section 4,
we deconstruct SEQs with particular attention to finite SEQs. Two structures are of particular
interest: commutativity and the existence of idempotent elements. Every SEQ is a crossing of two
smaller SEQs of both kinds. In many cases, this crossing is a direct product, in which case the SEQ
is a central quasigroup. In Section 5, we present some examples.

2. Preliminaries
In this section, we define some basic concepts:

Definition 2.1: A Magma is a pair (G,), of a set G and a binary operation - that is closed on G. We
write xy for x - y when the operation is clear.

Definition 2.2: A Group is an associative magma with an identity element such that every element
is invertible. That is, (xy)z = x(yz),Vx,y,z € G;Je € G:xe = e = ex,Vx € G; and given
anyx € G,3y € G:xy = e = yx. If it is commutative, that isxy = yx,Vx,y € G, then we
call (G,) an Abelian group.

Theorem 2.1 (Fundamental Theorem of Finite Abelian Groups): Every finite Abelian
group G can be expressed as the direct sum of cyclic subgroups of prime-power order.

A cyclic group of order n is usually denoted by C,, or the additive group of Z/nZ, the integers
modulo n.

Definition 2.3: A Quasigroup (G,") is a magma obeying the Latin square property. That is, for
eacha and b in G, there exist unique elements x,y € G such thatax = b and ya = b (In other
words: Each element of the set occurs exactly once in each row and exactly once in each column
of the quasigroup's multiplication table, or Cayley table. This property ensures that the Cayley table
of a finite quasigroup is a Latin square). The requirement that x and y be unique can be replaced
by the requirement that the magma be cancellative.

Definition 2.4: An Elliptic Curve is a smooth, projective, algebraic curve of genus one, on which
there is a specified point 0. An elliptic curve is defined over a field k and describes points in k2,
the Cartesian product of k with itself, together with points at infinity.

Let P, Q be two points on the curve and let P x Q denote the third point of intersection of line PQ
and the curve (counting multiplicities). Then the group law is givenby P + Q = (P * Q) * 0. This
is indeed a group and the proof for the associative property is based on the following theorem [5]:

Theorem 2.2 (Cayley-Bacharach Theorem): Assume that two cubics, C; and C,, in the projective
plane meet in nine (different) points, as they do in general over an algebraically closed field. Then
every cubic that passes through any eight of the points also passes through the ninth point.

3. Semisymmetric Entropic Quasigroups (SEQs)

In this section we give equivalent definitions of semisymmetric entropic quasigroups and show
their connection to Abelian groups.
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Definition 3.1: A semisymmetric entropic (medial) quasigroup (SEQ), (G,"), isa magma satisfying
the following:

)} Left semisymmetric: (xy)x = y,Vx,y € G;
i) Entropic (medial): (wx)(yz) = (wy)(xz),Vw,x,y,z € G.

A subset of G that is closed under the product -, inherits the above properties and is thus referred
to as a semisymmetric entropic subquasigroup or sub-SEQ for short.

As will be seen below, the left and right semisymmetric conditions are equivalent and will together
be simply referred to as semisymmetric. Furthermore, assuming the semisymmetric condition, the
quasi-associative condition is equivalent to the entropic condition.

The first two conditions represent the linear property: given any two points on a cubic curve, there
is a unique third point on the curve that is collinear to the first two. The remaining two conditions
represent the Cayley-Bacharach theorem.

Proposition 3.1: Based on the above definitions, let (G,-) be a magma have the following
implications:

1. Left semisymmetric & Right semisymmetric: x(yx) = y,Vx,y € G.

2. Semisymmetric and Entropic = Quasi-associative: [(wx)y]z = x[y(zw)],Vw, x,y,z € G.
3. Semisymmetric and Quasi-associative = Entropic.

4. Semisymmetric = (G,*) is a quasi-group.

Proof:

1. Suppose (G,) is left semisymmetric: Let x,y € G. Then x(yx) = [(yx)y](yx) = [zy]z = vy,
where z = yx. Then (G,") is right semisymmetric.

Suppose (G,") is right semisymmetric: Letx,y € G. Then (xy)x = (xy)[y(xy)] = z[yz] = y,
where z = xy. Then (G,") is left semisymmetric.

2. Suppose (G,) is semisymmetric and entropic: Letw,x,y,z€ G. Then[(wx)y]z =
[(wx)y][w(zw)] = [(wx)w][y(zw)] = x[y(zw)]. Then (G,") is quasi-associative.

3. Suppose (G, is semisymmetric and quasi-associative: Letw,x,y,z € G. Then (wx)(yz) =
wx)(y[(x2)x]) = ([x(wx)]y)(xz) = (wy)(xz). Then (G,") is entropic.

4. Suppose (G,) is semisymmetric: Thenxy =z = yz=yxy)=x, zx = (xy)x = y.
Thus, (G,") is a quasi-group sinceax = b = x = ba andya = b = y = ab, that is, L;1(b) =
ba,R;1(b) = ab. m

The torus structure of the quasi-associative property via a 3x3 torus graph (where in both rows and
columns, the product of any two consecutive cells gives the next cell) are presented in Table 1
below:

Table 1: Torus structure of the quasi-associative property

wXx w X wXx w

y zw | y(zw) y ZW
(wx)y | z ? (wx)y | z
wXx w X wx w

y zw | y(zw) y ZW
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Next is the torus structure of the entropic property via a 3x3 torus graph (see Table 2 below):

Table 2: Torus structure of the entropic property

wlx |wx| w]|x
y |z |Yyz |y | Z

wylxz| ? |wylxz
wlx |wx| w]|x
y 1z |Yyz|Yy | Z

Definition 3.2: Givenan SEQ (G,") and e € G, define+, on G by x+,y = (ex)(y[ee]),Vx,y € G.

Theorem 3.1: (G, +,) is an Abelian group with identity e. Furthermore, if G is commutative, then
the operation law can be simplified as x+,y = (xy)e, Vx,y € G.

Proof:

Indeed, have +, is commutative: x+, y = (ex)(y[ee]) = (ey)(x[ee]) = y +. x.
Next, we verify that e is the identity: x4+, e = (ex)(e[ee]) = (ex)e = x.

Next, we show that +, is invertible: —,x = (ee)(e[ex]) andx—, y = (ee)(x[ey]).

Finally, we show associativity: First, observe thate[y+,x] = e[(ey)(x [ee])] =
[([eele)(ey)]x = [e(ey)]x. This implies [y+.x]+.z = (e[y+ex])(z[ee]) =
([e(en)]x)(z [ee]) = ([e(ey)]z) (x [ee]) = [y+ z]+, x.

Thus, [x +, ¥]+.2z = [y +e x]+e 2z = [y +. 2]+, x = x+.[y+. 2] (here, we used the
commutative properties for the first and last equation). m

Proposition 3.2: Have (xa)(b[xc]) = (ya)(b[yc]). And (a[bx])y = (a[by])x.
Proof:

First, (xa)(b[xc]) = (xa)(b[x([yc]y)]) = (xa)([(yb)x][yc]) = (x[(yb)x])(alyc]) =
(yb)(alyc]) = (ya)(blyc)).

Next, (a[bx])y = ([a(aa)][bx])y = (aa)([bx][ya]) = (aa)([by][xa]) = ([a(aa)][by])x =
(a[by])x. m

Proposition 3.3: If G is an SEQ, then (G, +,) is unique up to isomorphism. We shall call (G, +,)
the group induced by e.

Proof:
Consider the map
Persei (G, +e) = (G, +er),
et je(x) = (xee.
Indeed, ¢, /. (e) = (ee)e = €.

Have /e () +eber e () = (€'Ger/e () (BerjeMe’e’]) = (eer e (X)) (pere(M[ee’]) =

(xe") (derjeMlee’]) = (x¢ere @) ('lee’D) = (xberre () € = (x(veeDe =
(xlve)([eele)De = (xl(vleeD)(e'e)])e = ([(ex)(yleeD]e e = (Ix+eylee =
d)e’/e (x+ey)-
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Thus, ¢,/ is an isomorphism satisfying ¢ e/ {perr jer [Per /e ()]} = .

Next, consider the map
lpe'/e: (G' +e) - (G: +e’):

lpe'/e (x) = x+.€".

Indeed, /. (e) = e+.e’ =¢'.

Have Per/e () +etherse (1) = (e () (Wer e O[e'e]) = (ePere(6)) (erje(ee’]) =
(elx+ee D(Werre0lee’]) = (le(ex)]e) (Werje3)lee’]) = ([e(ex)lherse()) (e'[ee’]) =
([e(ex)]l,be//e(y))GZ([e(ex)][(ey)(e'[ee])])e, and from second part of previous
proposition, = ([e(ex)][(ey)e]) (e [ee]) = ([e(ex)]y)(e'[ee]) = [x+eY]+ce’ = therse (x+ey).

Thus, Vel e is an isomorphism satisfying Yorr o [er e ()] = Perr o ().
Indeed, lpe”/e’[lpe’/e(x)] = lpe’/e(x)+e’e” = lpe'/e(x)+e’1/)e'/e(e”_eel) =
¢er/e(x+e[e”—ee’]) = (x+.[e"—ce'D+.e' = x+.([e"ce'|+.e") = x+.e" = PYerrje(x). m

LetG[a,b,c] denote the subset of (G,) generated bya,b,c € G. If[(xy)(zx)]y =
[xy)(zy)]x,Vx,y,z € G[a,b,c], then (G[a, b, c],) is an SEQ.

Lemma 3.1: Let (G, +) be an Abelian group. Fixe € G. Definexy:=e—(x+y) = e—y—
x. Then (G,") is a commutative SEQ. Moreover, the induced group is (G, +).

Proof:
Indeed (G,") iscommutative: xy = e—(x+y)=e— (¥ +x) =yx,Vx,y € G;
Next, (G, is left semisymmetric: (xy)x =e—(e—x—y)—x = y,Vx,y € G,

Finally, (G,7) is entropic: (wx)(yz) = e—(e—w—-x)—(e—y—2) = w+x+y+z—e=
(wy)(xz),Vw,x,y,z € G. m

4. Construction of finite SEQs
The main result of this section is as follows:

Theorem 1.1: Every SEQ (G,") is equivalent to an Abelian group (G, +) reequipped with the
product lawx-y =k —¢(x) —¢p~1(y), where¢ is a group automorphism of (G,+)
satisfying ¢3(x) = x and k is a fixed point of ¢.

The above theorem gives a direct method for constructing finite SEQs for both commutative and
non-commutative case. The proof is presented at the end of this section, but first we establish a
series of necessary or related lemmas.

Commutativity allows for much more flexible products and are easier to characterize. The
following lemma gives the first framework for decomposition of SEQs:

Lemma 4.1: Let (G,) be a finite SEQ. Then G has a commutative sub-SEQ (H,").

Proof: Lets; € G. Consider the sequence sy,:,s,, withn > 1, where s;,,; = s;.s, fork = 1,2,
«,n — 1,and s,s, = s;.
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Now note that (siSm)sm = (SkSm)(Sm-1Sm-1) = (SkSm-1)(SmSm-1) = (SkSm-1)Sm-1, thus
inductively, we deduce  that (sis,)s, = (SkS)SL VI = (SkSm)Sm = (SkSk)Sk = Sk
thus, 5,5k = S [(SkSm)Sml] = SkSm-

Hence, G;: = {s¢lk =1,2, ---,n} is commutative and consequently, G,,,:= G,G, (the
product, AB, of two setsA and B is the set of productsab, wherea € A,b € B), are all
commutative. Indeed, assume G, is commutative and suppose ab, cd € G, ., Witha, b, c,d € G,.
Then (ab)(cd) = (ac)(bd) = (ca)(db) = (cd)(ab).

Furthermore, G, € G, and G, € G,..; = G,.; = GG, € G;4,Gy41 = G,,,. This follows from
the definitions of G,,, and G,,, as well as the fact that if A € C,B < D, then AB  CD. Indeed,
if x € AB, then x = ab forsomea € A,b € B,andsincea € C,b € D, have x = ab € CD.

Therefore, by induction on r, have a bounded infinite chain of commutative subsets: G, c G, c
Gz <, withG, € G. So, have somer, =1 such thatG, = G, 1 = G4, = =HCQG,
with HH = G, G, = G, 4+, = H. Thus, isclosed in H so that (H,") is the desired commutative sub-
SEQofG. m

Corollary 4.1: Let (G,") be a finite non-commutative SEQ. If G does not contain a nontrivial
commutative sub-SEQ, then |G| = 1 (mod 3).

Proof:

From lemma 4.1, G contains a commutative sub-SEQ, thus it must be trivial, that is {e}, some e €
G. Observe that e is necessarily idempotent. For every x € G, define f(x) := ex. We shall establish
a few facts:

First, observe that f(x) = e © x =e.

Next, given any e # x € G, cannot have f(x) = x else {e, x} would be a sub-SEQ. Thus, we must
have f(x) # x.

Next, f~1(x) = xe from semisymmetric property and f3(x) = e[e(ex)] = [(xe)e]e = f~3(x)
from the quasi-associative property. So, f6(x) = x. Letm be the least positive integer such
that f™(x) = x. We shall callm the cyclic order ofx. It follows thatm|6. Denote the
set {f*(x)|k e N}by < x >.

Finally, f(x)f(y) = (ex)(ey) = (ee)(xy) = e(xy) = f(xy). So f is an automorphism of (G,).

Now, suppose x and y are both of cyclic order at most 2. Then they commute, that is, xy = yx.
Indeed, xy = f2(x)y = fIf () f 7] = fl(ex)(ye)] = fl(ey)(xe)] = fFIff 1 (x)] =
f?(y)x = yx. Moreover,xy is also of order at most 2 since f2(xy) = f[f(x)f(¥)] =
f200)f%(y) = xy. Thus, {x € G|f?(x) = x} is a commutative sub-SEQ of G and is thus trivial
and not equal to G. Therefore, f2(x) = x © x = e.

Hence, besides e, every element of G are in classes of 3’s or 6’s and so |G| = 1 (mod 3). =
Next, we characterize commutative SEQs. This is the converse of Lemma 3.1.

Lemma 4.2: Let (G,") be a commutative SEQ. Then there is an Abelian group (G,+) ands € G
suchthatx -y =s—x —y.

Proof:

Lete € G. Setx +y = (xy)e,s = ee, then (G,+) is an Abelian group with x —y = y(ex).
Therefore,s —x —y =s — (x + y) = [(xy)e][es] = [(xy)e]le = [e(xy)]e = xy. m
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The next lemma is an analogue of quotient groups. In what follows, the subset H need not be special
beyond the closure property. In some sense, it is naturally “normal” perhaps due to the
semisymmetric property.

Lemma 4.3: Let (G,) be an SEQ and let H be a sub-SEQ with same product law. The set G/H :=
{xH|x € G} together with the operation*, defined on G/H by (xH) * (yH): = (xy)H.
Then (G/H ,+) is an SEQ with idempotent element H, and satisfies |G| = |H| - |G/H| (possibly
infinite).

Proof:

First, we show well-definedness of G/H as a collection of equivalent classes, where the
equivalence relation is given by x ~ y ifxs = ys’ for somes,s’ € H. This is a well-defined
equivalence relation since it is reflexive, symmetric and transitive. Reflexivity: x ~ x, holds by
takings’ = s =h for any choice of h € H. Symmetry:x ~ y =y ~ x, holds since xs =
ys'ys' = xs. Finally, transitivity: x ~ y,y ~ z= x ~ z,alsoholdssince if xs = ys'and yt =
zt'""  somes,s’,t,t' € H, thenz=1t'[yt] and(xs)z= (ys')(t'[yt]) = (ts")(t'[tt]) by
proposition 3.2. Let s"": = (ts')(t'[tt]), then, s"” € H and (xs)z = s’ = (zs")z implies xs = zs"'
by cancellation property.

Now, letx ~ y. Thenxs = ys’, withs,s" € H. It follows that (xs')y € H forall s” € H. That
is (xs'")(s'[xs]) € H. Indeed, (xs"")(s'[xs]) = (ss'")(s'[ss]) € H. Thus, xH = yH.
Conversely, if xH = yH, then x ~ y. Consequently, |G| = |H| - |G/H|.

Next, we show well-definedness of *: if xs; = x's;,ys, = y'sy, withs;,s; € H,thens € H =
(xy)s = (x'y")s’, forsome s’ € H. In particular,

s' = [(xy)s][xy’]
[(xy)s][(s1lxs1]) (sz[ys2D]
[Gey) (s1lxsiD][s(sz[ys2D]
[
[

(sy)(s1lss1D1s(sz[ys.])]
(ss1)(v[ss1D1[s(sz[ys.])]
= [(ss)s][(Y[ss1]) (s2[ys2])]
= s1[([ss1D)(s2[ys2D]
= s1[(s1[ss11)(s2[5152])]

= s1[s(sz[s15.D)] € H.

H is an element of G /H since H = sH forany s € H. Moreover, H x H = sH * sH = (ss)H = H.

Finally, (G/H ,*) is an SEQ since it inherits the semisymmetric and entropic properties
of (G,): (xH xyH) * xH = (xy)H * xH = [(xy)x]H = yH and (WH * xH) = (yH * zH) =
(wx)H * (yz)H = [(wx)(yz)]H = [(wy)(xz)]H = (Wy)H * (xz)H = (WH x yH) * (xH * zH).
|

It is important to note that, like the case of groups, it is not necessarily the case that one can always
uniquely recover the original SEQ, G, just from a sub-SEQ H, and the corresponding quotient G /H.
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However, we at least have the following:

Proposition 4.1: The direct product of two SEQs (G,") and (G',°), together with operation *
defined by (x,x") * (y,y") == (x-y,x" o y"), is also an SEQ. Furthermore, givene € G,e’ € G',

have isomorphism of groups (G X G', +(e,e,)) = (G, +,) X (G',+,).

Lemma 4.4: Let (G,7) be a finite commutative SEQ containing no idempotent element. Then there
isan isomorphism G = T X H, for some commutative SEQ, H, containing an idempotent point, and
some SEQ, T = Zzm; X -+ X Zzmy ,N = 1, with product law on Zsm; satisfyingxy =s;, —x —y
some s; coprime to 3 (where ‘—° is the usual subtraction on Zsm;).

Proof:

From Theorem 3.1, WLOG, let G = Zgm; X == X Zgm; X Zpafl X oo X L,me,p; # 3. Let + be the
k

natural addition law on G. Then Lemma 4.2 implies (xq, -+, X41) * V0 Vi) = (51 —x1 —

Y1, Stak — Xi4k — Vi), Where WLOG, for 1 < i < [, have 3|s; ifand only if i > N,some N >

1. LetT = Z3m1 X e X ZB‘IHN,H = Z3mN+1 X e X Z3ml X Zp;ll X e X ank SO thatG = T X H
k

Then H has an idempotent element since s; = 3x; is solvable fori > N. m

Corollary 4.3: Let (G,") be a finite SEQ such that |G| is not divisible by 3. Then G contains an
idempotent element.

Proof:

From Lemma 4.1, G has a commutative sub-SEQ, H. Thus, it is enough to show that H contains an
idempotent element. The rest follows Lemma 4.4. m

Now, indeed, besides commutative SEQs, there is another class of SEQs with a relatively straight
forward characterization in relation to Abelian groups:

Lemma 4.5: (G,7) is an SEQ with an idempotent element e if and only if there is an Abelian
group (G, +) with identity e and a group automorphism ¢: G — G with ¢3(x) = x, such that x -
y==—¢) — o).

Proof:

Suppose (G,) is an SEQ with an idempotent elemente. Let ¢ (x) := e(ex), thengp~1(x) =

(xe)e, p%(x) = e(e[e(ex)]) = ([(ex)e]e)e = (xe)e = 1 (x). Letx +y:=x+,y =
(ex)(ye), then (G, +) is Abelian group with identity e. Next, we show that ¢ is an automorphism.

Itisenoughto verify ¢(x) + ¢ (v) = ¢p(x + y). Indeed, p(x) + ¢p(y) = (e[e(ex)]) ([e(ey)]e) =
(e[e(ex)]D(ey) = (ee)([e(ex)]y) = e([e(ex)]y) = e([(ee)(ex)]y) = e(e[(ex)(ve)]) =
pl(ex)(ye)]l = ¢p(x + y).

Finally, e¢(x) = —x, S0 —¢p(x) — ¢~ (¥) = [ep? ()] + [ey] = (e[ep? (X)) ([ey]e) =
¢*(x)y = xy.

Conversely, suppose (G, +) is an Abelian group with identity e and a group automorphism ¢: G —
G withg3(x)=x. Letx-y=—¢(x)— ¢ 1(y). Thenee =e and (wx)(yz) = —p(wx) —
¢ (y2) = —p(—pw) — ¢ (X)) — ¢ (=p () — ¢ (2) = PP (W) +x +y + ¢p(2) =
P*wW) +y+x+ ¢p(2) = (wy)(xz), so(G,) is entropic. Finally, (G,-) is semisymmetric
since (xy)x = (=) —=p7 () —dT () = P* () +y ¢ () =y. m

This completes the proof of Theorem 4.1.
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Corollary 4.2: Let (G,-) be an SEQ with an idempotent element e. Suppose e does not commute
with any other element, then (G,-) is idempotent. In this case, (G,") corresponds to a Mendelsohn
triple system [9].

Proof:

Suppose e does not commute with any other element (G,-). Then ¢(x) := e(ex) implies ¢p(x) # x
forx #e. Now p[p2(x) + dp(x) + x] = x + Pp2(x) + Pp(x), thusp?(x) + Pp(x) +x =e. In
particular, xx = —¢p(x) — ¢ 1(x) = —p(x) — Pp?(x) = x.

Proposition 4.2: Let (G,") be an SEQ. Suppose e, e’ € G withee' = e’e. Definexon G by x * y :
= [(ex)e']ly = x[e'(ye)]. Then (G,*) is an SEQ. Moreover,e xe = ee’ = e'e,e' xe = exe' =
e'e’.

Proof:

First observe that (xe')e’ = (xe")(e[e’e]) = (xe")(e[ee’]) = (xe)(e'[ee’]) = (xe)e.

Left semisymmetric (x * y)e = ([(ex)e']y)e = e'(y[e(ex)]) = e'(y[([e'e]e’)(ex)]) =
e'(y[([ee']e)(ex)]) = e’ (y[([ee']le)(e'x)]) = e'(y[e'(e’'x)]) = ([(e'x)e']y)e’ = (xy)e’
=>yx* (xxy) =yle'[(x*ye]) =yl [(xy)e']) = y(xy) = x;

Entropic: (w * x) * (y x z) = (e'[(wx)e]) * (e'[(y2)e]) = e'([(e'[(wx)e])(e'[(yz)e])]e) =
e'([(e’e)([(wx)e][(yz)eD]e) = e'([(e’e) ([((wx)(yz)][ee]]e) =
e'([(e’e)([(wy)(x2)][ee])]e) = (w * y) * (x * 2),Vw,x,y,z € S. m

Proposition 4.3: Let (G,) be an SEQ. Suppose e, e’ € G withee' = e’e. Definexon G by x x y :
= [(ex)e']y = x[e'(ye)]. Then- can be recovered viaxy = [(e'*x) *xe]*xy = x*[ex* (y *
e"].

Proof:

Observe thate’ * x = [(ee')e']x = [(e'e)e’]x = ex. Therefore, [(e’' * x) xe] xy = [(ex) * e] *
y = [(ex)(e'[eeD] xy = [([e(ex)]ee] xy = [(e[([e(ex)]eeDe’]ly = [([e(ex)]ee’]y =
[(ex)(e’[e'e])]y = [(ex)(e'[ee'D]y = [(ex)e]y = xy. m

In fact, have:

Theorem 4.2: Let (G,"), be the direct product of two Abelian groups (4, +,) X (B, +5) together
with the product law (3, x;) - (y1, ¥2) = (s — %1 — y1, =P (x;) — $~1(¥,)), where s € 4 and ¢
is a group automorphism of (B, +5) satisfying ¢3(x) = x. Then (G,") is an SEQ.

Proof:

We need to show that (G,") is both left semisymmetric and entropic.

Left  semisymmetric: [(xq, x5) (¥1, ¥2)]1(x1, %5) = (s —x, — Vi, —P(x,) — ¢‘1(y2))(x1,x2) =
(s =I5 =21 = 1] =0, —p(= () = 67 (7)) = 672 (x2)) = (1, $2(x2) + ¥, —

¢ (x2)) = 1, 72)-

Entropic: [(x1, %2) (1, ¥2)1[(21, 22) (Wi, wp)] = (5 — %1 = 1, =9 (x2) = ¢ (72)) (s — 21 —

Wi, —¢(z2) = 07 w,)) = (0 + 1 + 71+ wi =5, —p(—p () — 671 (2)) — ¢ M (b (z2) -

¢ W) = (xy +y1 + 20+ Wy — 5,97 () + Y, + 2, + (W) is symmetric

iN (¥1,¥2), (21, 23), SO that [(xq, x2) (Y1, ¥2)1[(21, 25) (Wy, wy)] =
[(x1,%2) (21, 2)1[(y1, ¥2) (Wy, W,)] as desired. m
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Proof of Theorem 1.1:

=)

Let (G,”) be an SEQ as usual. Lete € G. Then e and ee commute. Thus, from proposition 4.2,
setx xy = [([ee]x)e]y on G. Then (G,*) is an SEQ satisfying e x e = e. That is, e is idempotent.
Applying lemma 4.5, have Abelian group (G,+) with identitye and a group
automorphism ¢: G — G with ¢3(x) = x, such that x * y = —¢(x) — ¢~1(y). From proposition
43, we recover(G,) by viax-y=[(e*xx)=x(ee)]*xy=—-p(—p[—¢p(e) —p~1(x)] -
¢ ee]) — p71(y) = [ee] — p(x) —p~1(y). Settingx =ee,y =e, havee = xy = [ee] —
¢lee] and so ¢p[ee] = ee, that is, ee is a fixed point of ¢.

(<)

Conversely, suppose (G,+) is an Abelian group reequipped with the product law x -y = k —
¢ (x) — ¢~ 1(y), where ¢ is a group automorphism of (G, +) satisfying ¢3(x) = x and k is a fixed
point of ¢p. Then (G,”) is semisymmetric since (xy)x = k — ¢(k — p(x) — dp~1(y)) — ™ (x) =
y and it is also entropic since (wx)(yz) =k —¢(k—p(w) —p~ 2 (x)) —p~(k — p(y) —
¢ (2) =~k + 7 W) —x —y + $(2) = (wy)(x2).

5. Conclusion

In conclusion, SEQs form a special class of central quasigroups as presented in Theorem 1.1.
Theorem 1.1 gives an efficient method for constructing SEQs. This is contingent on finding a
corresponding group automorphism, ¢, of order 1 or 3. This approach is relatively straight forward
for finite groups especially those of prime order [see appendix]. We present explicit examples in
the appendix for all the possible cases (up to isomorphism) where the order is at most 6.

Now by considering the identity element, it is easy to see that ¢ is of order 3 precisely when the
target SEQ is non-commutative. Future research can investigate the existence and distribution of
all such SEQs up to isomorphism.
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*Supplementary Information

We conclude by presenting the first few examples via their Cayley graphs. They are complete and
distinct up to isomorphism. Let |G| = n.

For non-commutative cases, following from Lemma 4.1, we start with a smaller commutative case
(whose order must divide n) and build upwards. The most straightforward constructions are direct
products.

Thecasen = 1:

10
0]0
Table 2-Order 1 SEQ.

Table 3 shows a representation of the case n = 1. This is commutative and induces C; .

The casen = 2:

101
0]0]1
1]1]0

Table 3- Order 2 SEQ.

Table 4 shows a representation of the case n = 2, with idempotent element 0. This is
commutative and induces C,.

The casen = 3:

10 [1]2
0]0]2]1
112|110
211]0]2

Table 4- Order 3 SEQ with idempotent elements.

Table 5 shows a representation of the case n = 3, where all elements are idempotent. This is
commutative and induces C;.
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10 [1]2
0]1]0]2
11021
2121110

Table 5- Order 3 SEQ with no idempotent element.

Table 6 shows a representation of the case n = 3, with no idempotent element. This is
commutative and induces C;.

The case n = 4:

-0 [1]2 |3
0101213
111032
2123|011
3132|110

Table 6- Order 4 SEQ with one idempotent element 0 and all elements, x, satisfying xx=0.

Table 7 shows a representation of the case n = 4, with xx = 0. This is commutative and
induces C, X C,.

0[1/2]3
0]J]0(3 |2 ]1
1132110
212]11]0]3
31103 ]2

Table 7- Order 4 SEQ given by xy=-x-y.

Table 8 shows a representation of the case n = 4, via the most trivial formulation: xy = —x — y.
This is commutative and induces C,.

-10]1]2 3
0]J]0(2 3|1
1]1]3/1/0 ]2
21113210
312]0]1]3

Table 8- Order 4 SEQ with idempotent elements.

Table 9 shows a representation of the case n = 4, that is idempotent and also non-commutative. It
induces C, X C,.

The casen = 5:

-]10]1]2 |34
0j0[4[3]2]1
114[(3]2(1|0
213/2]1]0 4
312[1][0]4]3
4111014132

Table 9- The unique (up to isomorphism) order 5 SEQ.

Table 10 shows a representation for the case n = 5, This is commutative and induces Cs.
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The casen = 6:

0[1]2|3]4]5
0j0]5]4|3|2]|1
115/4(3[2|1|0
21413|2]1|0]5
313]2]1/0|5|4
412(1|0[5|4]3
511/0|5]4[3]2

Table 10- Order 6 SEQ containing some idempotent elements.

This is commutative and induces C, X Cs.

-|0[1]2|3[4]5
012|1|0|5]4]3
11]1]0[5[4|3]|2
210514 (3[2]1
3]15]4|3[2]1]0
414|13]2]1]0]5
513]2]1|0]5|4

Table 11- Order 6 SEQ containing no idempotent element.
Tables 11 and 12 are the order 6 SEQs, but which are commutative and induce C, X Cj.

The next two are not SEQs (see tables 13 and 14 below), they are the result of constructing non-
commutative semisymmetric quasigroups of order 6, they can be verified as non-SEQs by simply
finding the potential Abelian isotropic group (and confirm that they are indeed not groups):

0/1]2|3]4]|5

0]2(1]0]|3|4|5
11]1{0(3|4|5]|2
210|514 |11]2|3
3|13(2|5|0|1|4
41413|12|5|0]1
515(4]1(2|3]|0
Table 12-An example of a non-SEQ that is semisymmetric.

0/1(2|3|4]|5
0jo(1]4(3]|2]|5
111/0(5(|2 (3|4
214132 |5|0]1
313(4]1]|]0|5|2
412151011413
515(2|3(4]|1]0

Table 13- Another example of a non-SEQ that is semisymmetric.

Now, let n = p where p is prime greater than 3. Then either (G,-) is commutative or it contains an
idempotent element by lemma 4.1. Thus, as the case maybe, using Lemma 4.2 or a combination of
corollary 4.3 and lemma 4.5, we can always find an idempotent element and have x - y = —¢(x) —
¢~ 1(y), s0 ¢p3 = Id. Also, (G, +) = Z/nZ and thus contains a primitive root g, modulo p, so that
every automorphism ¢, is of the form ¢(x) = ax (mod p) some a® = 1 (mod p).

Two cases arise:

p-1  2(p-1) p-1 2(p-1)

Ifp=1(mod3). Thena=1,g5,9 3 .Thus,x-y=-g3x—g 3 y(modp). These
are pairwise non-isomorphic.
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Ifp=2(mod3). Thena=1andx-y=—-x—1y.

For instance,p = 7. Havex -y := —x —y (mod 7) orx -y :==5x + 3y (mod 7) or x - y :=
3x + 5y (mod 7).

Finally, observe that complications only arise when 3 divides n. This follows from corollary 4.3.
In particular, let us consider powers of 3. Let (G,*) be a finite non-commutative SEQ such that |G|
is a power of 3. Then from lemma 4.1, G has a commutative sub-SEQ. Let H c G be a maximal
commutative sub-SEQ of G, that is, if H ¢ L ¢ G where L is a commutative sub-SEQ of G,
then L = H. Since G # H, have, |G/H| is a power of 3 and thus, from corollary 4.1, G/H has a
commutative sub-SEQ of order at least 3. In fact, G/H has a commutative sub-SEQ of order 3,
say {H,aH,bH}. Then (aa)H = aH, (ab)H = (ba)H = H,(bb)H = bH. It follows that ab, ba €
H.Letab = h;,ba = h,,sothatb = hya = ah, € aH,a € bH. Then,

(H)(H) = H,
(H)(aH) = (h H)(aH) = (hya)(HH) = bH,
(H)(bH) = (h,H)(bH) = (hyb)(HH) = aH,
(aH)(H) = (aH)(hyH) = (ah,)(HH) = bH,
(aH)(aH) = (aa)(HH) = (aa)H = aH,
(aH)(bH) = (ab)(HH) = h,H = H,
(bH)(H) = (bH)(h,H) = (bhy)(HH) = aH,
(bH)(aH) = (ba)(HH) = h,H = H,
(bH)(bH) = (bb)(HH) = (bb)H = bH.

LetL =HUaHUDbH. Then LL = L. So L is a sub-SEQ. From the maximality of H, L cannot be
commutative. Letx € L,x € H,h € H. Then ¢, (h) := x(xh) € H. Indeed, WLOG, letx € aH,
thenx = ah',x(xh) = (ah’)(xh) = (ax)(h'h) € H iffa(ah’) € H. Now a(ah') =
(bhy)(ah") = (ba)(h,h") = h,(h,h") € H. In particular, x(xh) = (hy[h h'])(R'h) =
(hy[h ' D(RA") = (h,h)([h h']Rh") = (h,h)h, is independent of A'. It suffices to consider
onlyp, and¢,. In fact,p? = ¢ 1 =¢,. Supposexoh = hxgxy € L,xy € H, then
WLOG (h,h)h; = h and h; = h,, so ab = ba and xh = hx. This implies commutativity, thus
given x,y € L withxy = yx, must have x,y € H.
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